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Abstract
In  this  chapter,  the  limitations  and  weaknesses  of  the  motion  geometry  and  the
workspace  of  Triangle-Star  Robot  {T-S  (3-PRP)}  are  diagnosed  after  research  and
consideration of the issues at hand. In addition, they are offered in index form. To
remove the problems with the abovementioned cases, at first, a robot with telescopic
arms and a similar kinematics chain is  rendered to give a kinematics analysis ap‐
proach like  Hartenberg-Denavit.  Furthermore,  in  order  to  increase  the  workspace,
Reuleaux Triangle-Star Robot {RT-S (3-PRP)} with kinematics chains 3-PRP and Circle-
Star Robot{C-S (3-PRP)} with kinematics chains 3-PRP and a new improved structure
are introduced.
Keywords: automation, robot, kinematics, telescopic arms, stiffness, workspace
1. Introduction
In recent decades, the use of industrial robots in the production and development of nano
technological  processes,  industrial  automation,  chemically  contaminated  environments,
medical & biological industrial, the calibration of measurement system, etc., are seriously in
circulation. So the scientific research centers are conducting some research in this regard to meet
customers’ demands. To compete with international markets, parameters such as precision,
high repeatability in production, control management, and emphasis on standards have proved
to be necessary in the usage of robot in modern technology. This has caused the companies to
© 2016 The Author(s). Licensee InTech. This chapter is distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/3.0), which permits unrestricted use, distribution,
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move toward a practical system to produce the maximum production variety at minimum time
with the lowest expenses and the highest quality. Thus, the industrial automation with the help
of robots replaces human force in production and in assembly lines.
Today, robots are divided into several groups: Serial robots, Parallel robots, Synthetic robots,
and Mobile robots [2, 5]. Synthetic robots are to incorporate the serial and parallel manipulators
by connecting them in serial. The serial connections of serial and parallel manipulators can be
categorized into the following four types: Parallel-Parallel, Serial-Parallel, Parallel-Serial, and
Serial-Serial [8]. Characteristics such as precision, speed, stiffness, and a workspace without
singularity points have differentiated the Parallel robot from the Serial robots [4, 5]. The
Parallel manipulator robots are used in making flight simulators, helicopters, machinery tools,
precise robots, etc. The reverse kinematics solution of these robots as compared with the simple
Serial robots and direct kinematics solution is hard with complicated equations [3, 8]. In this
paper, first, the geometric attributes of the Triangle-Star Robot are offered and then based on
motion geometry and robotic workspace, the limitations and weaknesses are recognized and
indexically represented. In addition, to removing the abovementioned shortcomings, a new
Triangle-Star Robot with telescopic arms and two new robots with improved structures are
represented. Finally, the kinematics analysis of the robots similar to Denavit–Hartenberg
approach is carried out.
2. Geometric characteristics of the Triangle-Star Robot
The geometric model of the Triangle-Star Robot (T-S Robot), shown in Figure 1 (a, b), is
composed of a A1 A2 A3 fixed triangle and a moving star with B1 B2 B3 arms in which the B star
can move on triangle A with three kinematics chains 3-PRP.
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Figure 1. (a) The Triangle-Star Robot (T-S Robot) with rigid arms and (b) the geometric model of T-S Robot with rigid
arms.
The motion geometry of each of the kinematics chains 3-PRP, which has been applied to T-S
Robot, is achieved through relative movement of the Prismatic joint, Revolute joint, and again
the Prismatic joint as shown in Figure 2.
Figure 2. The motion geometry of the kinematics chains (3-PRP) for T-S Robot.
The lower active Prismatic joint movement joined to the stimulator in the direction of the angle
of the triangle causes movement in the upper passive Prismatic joint connected to lower active
Prismatic joint by the Revolute joint. As a result, star motion geometry, which is sited (fixed)
on the upper Prismatic joints, serves as a function of the lower Prismatic movement joined to
the stimulators.
3. The number of degree-of-freedom for T-S Robot
The most famous and prevalent method to calculate the degree of freedom (DOF) is using
formula (1) and according Table 1 [9].
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N = The number of arms, L = The number of robotic joints, fi = Indicated of DOF related i joint
as shown in the above mentioned table. On the other hand, in the parallel manipulator robot,
N = 8, L = 9 and fi for i = 1,…,9 equals 1, thus the robot’s DOF is equal to 3.
Joint Diagram Symbol DOF
Revolute R 1
Prismatic P 1
Cylindric C 2
Universal T 2
Spherical S 3
Table 1. DOF for type of joint [9].
4. The weaknesses of the motion geometry for T-S Robot
Although T-S Robot has so many advantages such as high precision, speed, stiffness, and lack
of singularity in workspace, it has two main weaknesses:
1. At the time of Robotic motion, the star arms occupy a large space around the triangle
2. The abovementioned robot has a rather limited workspace
Therefore, to remove the first problem, a robot with telescopic arms, Figure 3 (a, b), is intro‐
duced whose kinematics are conducted without getting involved in the whole discussion.
To remove the second problem, new robots with improved structures are introduced. The
schematic design of these robots, Figure 4 (a, b) and their three-dimensional designs in the
kinematics analysis section of each robot in Figure 14a and Figure 14b along with robot motion
geometry structure are shown.
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Figure 3. (a) Real model of the Triangle-Star Robot’ components with telescopic arms. (b) The Triangle-Star Robot (T-S
Robot) with telescopic arms. (c) The geometric model of T-S Robot with telescopic arms.
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Figure 4. (a) Introduction a new geometric model as Reuleaux Triangle-Star Robot with telescopic arms. (b) Introduc‐
tion of a new geometric model as Circle-Star robot with telescopic arms.
These robots are as follows:
a. Reuleaux Triangle-Star Robot with kinematics structure {RT-S (3-PRP)}
b. Circle-Star Robot with kinematics structure {C-S (3-PRP)}
5. Kinematic analysis of the T-S Robot
In the boundary of kinematics science, place, speed, acceleration, and all the derivations higher
than local variable (in proportion to time) are examined. As defined [2, 8], the robotic kine‐
matics is the study of the robotic movement without the consideration of the forces and torques
applied to it. As a matter of fact, the examination of robotic motion geometry is regarded as
an invariable coordinate frame work proportional to the intended time.
The kinematics problem includes the following sections [2, 8]:
1. Direct kinematics: local calculation and the central manipulator orientation in relation to
basic frame work.
2. Reverse kinematics: if the location and central manipulator orientation are given, the
calculation of all the possible joint angles involved in directing the robot toward a desired
location and orientation is called reversed kinematics.
A systematic, practical approach has been represented by Denavit-Hartenberg to determine
rotation and transformation between the two adjacent links in a robot [2].
In this paper, direct kinematics and reverse kinematics are examined through this approach
and then position analysis, speed, input, and output acceleration are closely studied. The
interesting point is that the direct kinematics of Parallel arms is as complicated as the reverse
kinematics of Serial arms and the simplicity of the reverse kinematics of parallel mechanisms
is as much as the simplicity of the direct kinematics of Serial arms [2, 5].
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6. The extraction of Denavit-Hartenberg parameters for T-S Robot
To achieve aik , αik , Sik , θik  parameters, first, the position of coordinate axis according to Denavit-
Hartenberg model as shown in Figure 6 (a, b) is determined. Then by placing these parameters
in Denavit-Hartenbary matrix, which is obtained by relation (2) according to Figure 5.
Consequently, the achieved transmitted matrixes and robotic kinematics analysis are carried
out.
1 2 3 1 2 3[ , , ,] , [ , , ,] , ( )T Tq q q q r r r r r f q= = = (2)
Figure 5. Kinematic chain and parameters representation of the Hartenbary–Denavit model for two adjacent links [1].
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Figure 6. (a) Kinematic chain and parameters of the proposed T-S (3-PRP) robot with telescopic arms (b) Kinematic
chain and parameters of the T-S robot with rigid arms.
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ai: offset distance between two adjacent joint axes, where ai =| pi − oj |.
αi: twist angle between two adjacent joint axes. It is the angle required to rotate the zi axis into
alignment with the zi + 1 –axis about the positive xi + 1–axis according to the right-hand rule.
θi: joint angle between two incident normals of a joint axis. It is the angle required to rotate the
xi–axis into alignment with the xi + 1 –axis about the positive zi–axis according to the right-hand
rule.
Si: translational distance between two incident normals of a joint axis. Si = | pi − oi | is positive
if the vector pi − oi points in the positive z i–direction; otherwise, it is negative (Figure 6).
To analyze the robot kinematically, first, the central manipulator point is transferred to the
corner of the triangle to which the reference coordinate device is joined and through the
extraction of aik , αik , Sik , θik  parameters, Table 1, related to Denavit–Hartenberg parameters, is
achieved. In this case, k = 1, 2, 3 is the number of central manipulator point transmission,
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Figure 7. These transmissions are as follows: Path 1: C, P1, A1, Path 2: C, P3, A3, A1, Path 3 :
C, P2,, A1
Figure 7. Transmission paths from point C to A1.
Joint no. 0 1 2 3 4 5 6
Path 1 a1,i 0 0 S11 0 0 S13 x
α1,i 0 0 0 0 0 0 0
S1,i 0 0 0 0 b 0 0
θ1,i 0 0 0 π2 + θ 0 0 0
Path 2 a2,i e 0 S21 0 0 S23 x
α2,i 0 0 0 0 0 0 0
S2,i 0 0 0 0 b 0 0
θ2,i 0 2π3 0
π
2 + θ 0 0 0
Path 3 a3,i 0 0 S31 0 0 S33 x
α3,i 0 0 0 0 0 0 0
S3,i 0 0 0 0 b 0 0
θ3,s π3 0 0 − π2 −θ 0 0 0
Table 2. Kinematics parameters of T-S robot.
In the above indexes, the first shows the number of the direction, and the second shows the
number of the parameter. To avoid making mistakes, the number of direction indexes (first
index) is shown to the power of k.
By placing Table 2 parameters, in matrix 2, the amount of H i ,i+1k  matrix is achieved in which, i
=1, 2, 3, 4 is the number of coordinate systems joined to the links and k = 1, 2, 3 is the number
of the central manipulator reference point directions joined to C point. The speed-acceleration
points are obtained through placing the position analysis matrixes two by two in an equal way.
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7. Direct kinematics for T-S robot
For the direct kinematics analysis, point o, located in the origin of the coordinate of A1, reference
system is regarded as the primary point and o′, point in the origin of the coordinate joined to
the center of C point, is considered to be the final point.
The number of unknown parameters in each path is two. As a result, the total number of
unknown parameter for each path is 6, but since the number of degree of freedom for each
kinematics chains 3-PRP equals 9, the number of each path of the unknown parameters is 3,
that is, the three parameters are related to other parameters that are geometrically obtained.
In this case, the robotic degree of freedom is 3. If S11, S21, S31 parameters are considered to be
the inputs, the unknown parameters will be S13, S23, S33 and θ11, θ21, θ31.
What is stated is for the simplification and avoidance of mistakes in the number of direction
index to the power of k. Therefore, to obtain the unknown parameters, final point transfor‐
mation matrix o′ is obtained in proportion to the primary point o and then relation (5, 11) is
used.
, 1[ ] [ ]ki o o iP H P¢ += (5)
, 0,1 1,2 2,3 3,4 , 1.......k K K K K Ko o i iH H H H H H¢ += ´ ´ ´ (6)
1 1 3
, , ,o o o o o oH H H¢ ¢ ¢= = (7)
[ ] [ ] [ ]( )( . 1) ( )( . 2) ( )( . 3)O O OO for path O for path O for pathP P P¢ ¢ ¢= = (8)
[ ] [ ]
[ ]
, 1 1
[ ] ; ; ;  1
k
i i i i
i i i i
P H P
P x y z
+ +é ù= ×ë û
= (9)
In the above relation, [P]i is the position in relation to coordinate axes joined to member i, and
[P]i + 1 is the position in relation to coordinate axes joined to member i + 1. The robot has three
kinematics chains, and three different transformation matrixes are achieved. In this way, the
three matrixes should be equalized according to relation (5). The unknown parameters are
obtained through the solution of these equations.
Point o′ coordinate (P3 origin of coordinate) located in the center of the star in P2 coordinate is
as follows. Point o′ coordinates in P0 coordinate is as follows:
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8. The motion geometry of T-S Robot
ϕ3 + ϕ5 =180, ϕ5 = π2 + θ3, ϕ3 = π2 + θ2 ⇒θ2 = −θ3,ϕ1 + ϕ2 =180, ϕ1 = π2 + θ1, ϕ2 = π2 −θ2 ⇒θ1 =θ2,
θ11, θ12, θ13 =θ ,Sinθ = 2t1 + t 2 , Cosθ =
1 − t 2
1 + t 2 , t = tan
θ
2
From the motion geometry of the T-S robot and then relations (5,13), the motion equation are
achieved.
1 1 2 2 2
3 1 3 3 10.75 0.866 0.5 0.866 0.5 0x Sin S Sin S x Cos S Sin S Cos S eq q q q q- ´ - ´ + + ´ - ´ + + - = (14a)
1 2 2 2
3 3 3 10.75 0.866 0.866 0.5 0.866 0x Cos S Cos x Sin S Sin S Cos Sq q q q q´ + ´ + ´ + ´ + + = (14b)
1 1 3 3 3
3 1 3 3 10.75 0.866 0.5 0.866 0.5 0x Sin S Sin S x Cos S Sin S Cos Sq q q q q- ´ - ´ + - ´ - ´ - - = (14c)
1 3 3 3
3 3 3 10.75 0.866 0.866 0.5 0.866 0x Cos S Cos x Sin S Sin S Cos Sq q q q q´ + ´ - ´ - ´ + - = (14d)
2 2 2 3 3 3
3 3 1 3 3 131.7 0.5 0.866 0.5 0.5 0.866 0.5 0x Cos S Sin S Cos S S Sin S Cos Sq q q q q- ´ + ´ - ´ - - - - = (14e)
2 2 2 3 3 3
3 3 1 3 3 11.7 0.866 0.5 0.866 0.866 05 0.866 0x Sin S Sin S Cos S S Sin S Cos Sq q q q q- ´ - ´ - ´ + - + - = (14f)
9. Case analysis
If we consider the fixed angle of the triangle A1A2A3 in Figure 8, e = 1000 mm, b = 100 mm and
each of the S11, S21, S31 inputs are applied to the direction of the triangle, then Figure 9 (a, b)
are obtained.
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Figure 8. Geometric relation between triangle and star sides.
Figure 9. (a) Variation S13, S23, S33 (output) versus actuator S11, S21, S31 (input) and (b) X–Y plots of the trajectory of the
motion point c.
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10. Inverse kinematics for T-S Robot
The representation of the location and orientation of the robotic final manipulator can lead to
the estimation of all the possible joint collections, which are used to transfer the robot and to
obtain the assumed orientation. This process is called kinematics reverse estimation [2].
Therefore, in the reverse kinematics analysis, we have access to the coordinate components of
the central point of the moving star (point C located in the reference system O′) which are
relative to the primary reference system and which are the goal for obtaining the unknown
parameters S11, S21, S31, (S11, S12, S13). The independent linear equations are obtained through
equalizing the transformative matrixes related to the central point of the moving star.
Solving these equations in which the inputs are θ11, θ12, θ13 =θ and S13, S23, S33 (S31, S32, S33), then
S11, S21, S31 (S11, S12, S13) are obtained.
1 1
3 1 0xX Sin Sin S S qq q- ´ - ´ + - = (15a)
1
3 0yX Cos Cos S qq q´ + ´ - = (15b)
2 2 1
3 3 20.5 0.866 0.5 0.866 0.5 0xX Sin X Cos S Sin S Cos S e qq q q q´ - ´ + ´ - ´ - + - = (15c)
2 2 1
3 3 20.866 0.5 0.866 0.5 0.866 0yX Sin X Cos S Sin S Cos S qq q q q- ´ - ´ - ´ - ´ + - = (15d)
3 3 3
3 3 10.5 0.866 0.5 0.866 0.5 0xX Sin X Cos S Sin S Cos S qq q q q- ´ + ´ - ´ + ´ + - = (15e)
3 3 3
3 3 10.866 0.5 0.866 0.5 0.5 0yX Sin X Cos S Sin S Cos S qq q q q- ´ - ´ - ´ - ´ + - = (15f)
To conduct the reverse kinematics analysis, we should assume two directions: (1) liner, (2)
circular, in which the center of the star (point located in O′ reference system) goes through the
two mentioned directions as shown in Figure 10 (a) and Figure 11 (a, e). The outcome is
respectively represented in Figure 10 (b) and Figure 11 (b, c, d, e).
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Figure 10. (a) X-Y plots of the path of the motion point c and (b) variation S11, S21, S31 (output) versus S13, S23, S33 S13, S23,
S33 (mm).
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Figure 11. (a, e) X-Y plots of the path of the motion point c; (b, d) variation S11, S21, S31 (outputs) versus S13, S23, S33 for
θ = 0; (c) variation S11, S21, S31 (outputs) versus S13, S23, S33 (inputs) for θ = pi/6.
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11. Workspace analysis
The existence or nonexistence of the kinematics solution determines the robotic workspace.
The lack of solution means that the robot is not able to obtain optimal orientation because it is
located out of the workspace. These conditions are called robotic singularity states. Almost all
the robots have singularity points in either the border of their workspace or in their workspace.
The singularity point in the border of workspace denotes a state that occurs when the arm is
fully stretched or folded on itself when the final manipulator is almost or precisely located in
the border of the workspace.
On the other hand, the singularity states in the workspace signify the conditions that occur in
the mechanism workspace or in general when two or some joint axes are located in one
direction. When the robot is located in the singularity position, it loses all or some of its degrees
of freedom in the deicardean space. It is obvious that this process is done in the border of the
robotic workspace. The examination of the T-S(3-PRP) robotic workspace has shown that it
has no singularity in its workspace; the robotic workspace is presented in Figure 12 (Figure 13).
Figure 12. X-Y plots of the Achievable workspace of the T-S robot.
Figure 13. T-S Robot as milling machine’ table.
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Figure 14. Introduction a new geometric model as (a) Reuleaux Triangle –Star Robot with telescopic and (b) arms Cir‐
cle-Star robot with telescopic arms.
12. Conclusion
Features such as precision, speed, stiffness, and workspace with singularity point distinguish
the parallel robots from the Serial robots. But the weak points of these robots compared with
Serial robot are the move limited workspace. In this paper, first, the limitations and weaknesses
of the Triangle-Star Robot {T-S 3(PRP)} were recognized. To remove these disadvantages, a
robot with telescopic arms were presented and its kinematics analysis done through Harten‐
beg–Denavit instruction. In addition, there is no disturbance in the totality of the discussion.
Afterwards, to increase the workspace,
a. Reuleaux Triangle-Star Robot with the kinematics structure {RT-S 3(PRP)}
b. Circle-Star Robot with kinematics structure{C-S 3(PRP)} are introduced and kinematically
analyzed.
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